We solve, by separation of variables, the problem of three anyons with a harmonic oscillator potential. The anyonic symmetry conditions from cyclic permutations are separable in our coordinates. The conditions from two-particle transpositions are not separable, but can be expressed as reflection symmetry conditions on the wave function and its normal derivative on the boundary of a circle. Thus the problem becomes one-dimensional. We solve this problem numerically by discretization. N -point discretization with very small N is often a good first approximation, on the other hand convergence as N → ∞ is sometimes very slow.
Formulation of the Problem
It is a well known procedure to describe a particle in the plane by a complex coordinate z and its complex conjugatez, which may be scaled so as to become dimensionless. In the threeanyon problem the key to the separation of variables is a transformation from the particle coordinates z 1 , z 2 , z 3 to the centre of mass coordinate Z and the relative coordinates u, v, defined by
Here η = exp(2iπ/3) = (−1 + i √ 3)/2 is a cube root of unity, with η 2 = η −1 =η and 1 + η + η 2 = 0. Hence,
This coordinate transformation is a discrete Fourier transformation, which means that a cyclic interchange of particle positions, (z 1 , z 2 , z 3 ) → ( z 1 , z 2 , z 3 ) = (z 2 , z 3 , z 1 ) ,
becomes diagonal, (Z, u, v) → ( Z, u, v) = (Z, η 2 u, ηv) .
The interchange of particles 2 and 3 is just an interchange of u and v. Note that these two permutations generate the whole symmetric group S 3 . A similar treatment of permutation symmetry is known in nuclear physics [49, 50] (we thank Alex Lande for pointing this out). Three particles in the plane define a triangle. The ratio s = (z 3 − z 1 )/(z 2 − z 1 ) is real when the triangle is degenerate so that the particles lie on a straight line. We define the orientation of a non-degenerate triangle as positive or negative depending on whether the imaginary part of s is positive or negative. We have that
Hence |u| = |v| if s is real, |u| < |v| if the orientation of the triangle is positive, and |u| > |v| if the orientation is negative. The quantization of the centre of mass motion is trivial, and the problem we want to discuss here is the simultaneous diagonalization of the dimensionless relative Hamiltonian H rel and relative angular momentum L rel , defined by
Separation of Variables
The three-particle configuration is completely described by a total scale factor r > 0, a relative scale factor q ≥ 0, and two angles ϕ 1 and ϕ 2 such that
These are the hyperspherical coordinates of Kilpatrick and Larsen [51] , except that they use ϕ 1 ± ϕ 2 instead of ϕ 1 and ϕ 2 . We now have that
and
Assume that the wave function of the relative motion is
Then the eigenvalue equation H rel ψ = Eψ separates into an angular eigenvalue equation,
with λ as eigenvalue, and a radial equation,
A general wave function can be written as a linear combination of such separated wave functions. As shown in the next section, we need linear combinations, where λ and j + k are constant but j − k varies, in order to satisfy the anyonic boundary conditions. In the usual way we find the solutions of the radial equation to be
with n r = 0, 1, 2, . . ., with µ > −2 for normalizability, λ = µ(µ + 2), and
The coefficients in the polynomial satisfy the recursion formula
The angular equation has two asymptotic solutions q ±j in the limit q → 0. We exclude the singular solution (for j = 0 the singularity is logarithmic). In fact there is no reason for any singularity at q = 0, where the configuration is an equilateral triangle. This leaves a solution which is unique up to a multiplicative constant, and with a convenient normalization it may be written as
The constant κ here may be chosen in one of two ways,
giving two different representations of the same solution. The constants
define the hypergeometric series
where, e.g., (a) 0 = 1, (a) n+1 = (a) n (a + n). The convergence radius for this series is 1. There exist however other representations,
where the series converge for all real q. A useful parameter, as will be seen below, is the logarithmic derivative of g at q = 1,
The Anyonic Boundary Conditions
For three identical particles there is a six-fold identification of points in the Euclidean relative space. We will restrict the wave functions to the region 0 ≤ q ≤ 1, which corresponds to all the positively oriented triangles, but is still a three-fold covering of the true configuration space. The boundary conditions defining the particles to be anyons are of two types, since there are two classes of non-trivial permutations. The first class contains the three-particle cyclic permutations, which leave q invariant. The second class contains the two-particle interchanges, which transform q into 1/q, and so give boundary conditions at q = 1. Consider first a continuous, counterclockwise and cyclic deformation of the configuration, as defined in eq. (3), with no extra overall rotation of the triangle. It gives a phase factor e 2iθ in the wave function, where θ = νπ is the statistics parameter. If we deform while keeping all the time |u| < |v|, the phase of v increases continuously from ϕ 2 to ϕ 2 + (2π/3), whereas the phase of u changes from ϕ 1 to ϕ 1 −(2π/3)+2m ′ π, where m ′ is any integer. The corresponding boundary condition on the wave function is, therefore,
That is,
for some integer n ′ . Since m ′ is an arbitrary integer, j must be an integer. Then
where n = n ′ − jm ′ is an arbitrary integer, and the eigenvalue of the relative angular momentum L rel is
These relations take care of the cyclic permutations of all three particles. What remains is only to take care of one of the three cases where two particles are interchanged, for example z 2 ↔ z 3 , or equivalently, u ↔ v. This is the same as q ↔ 1/q and ϕ 1 ↔ ϕ 2 , if we define angles so that u = v corresponds to ϕ 1 = ϕ 2 . To be more precise, we consider a continuous interchange, with q = 1 at the beginning and end, and q < 1 during the interchange. The interchange should be anticlockwise, which means that we start with ϕ 1 > ϕ 2 , and end with ϕ 1 < ϕ 2 . There is one further restriction, that |ϕ 1 − ϕ 2 | < (2π/3) when q = 1, meaning that the particle position z 1 must not be encircled.
Thus, the boundary condition on ψ at q = 1 is
for 0 < ϕ 1 −ϕ 2 < (2π/3). However, this condition is incomplete, because the general condition is
Since the Schrödinger equation is second order in the q derivative, we need boundary conditions at q = 1 both for the wave function ψ and its normal derivative ψ q = ∂ψ/∂q. The derivative condition is easily deduced,
The boundary conditions for ψ and ψ q can not be satisfied by a wave function which is separable in q, ϕ 1 and ϕ 2 . But we may quantize the relative angular momentum ℓ, and according to eq. (24) ℓ − 3ν = 2j + 3n is an integer, either even or odd. Let ν ′ = ν if n = 2m and ν ′ = ν + 1 if n = 2m + 1, with m integer. Then
Let g m (q) be the function g(q) as given by eq. (15) . Introducing ϕ = (ϕ 1 + ϕ 2 )/2, and summing over m, including an as yet undetermined coefficient C m for each m, we get the following angular wave function,
It is natural to call Ω an anyonic spherical harmonic function, whenever it satisfies the anyonic boundary conditions. Define ξ = 3(ϕ 1 − ϕ 2 ). The two boundary conditions that must hold for 0 < ξ < 2π are
Recall that g m (1) and g ′ m (1) depend on the three parameters µ = E −2−2n r , ℓ and m. We claim that for each given ℓ, the parameter µ, which determines the energy E, may be adjusted so that the above boundary conditions have non-trivial solutions for the coefficients C m . For each ℓ there will be many solutions, possibly many with the same µ, and this procedure should give the complete set of anyonic spherical harmonics. A complete proof would involve a study of the anyonic spherical harmonics, which we have not yet done, but we can give a plausibility argument, which also indicates one possible way to solve the problem numerically.
We may regard γ m = C m g m (1) and γ m = C m g ′ m (1) as the Fourier components of two functions
periodic in ξ with period 2π. We may restrict their regions of definition to be the interval
There is a natural scalar product between any two functions φ = φ(ξ) and χ = χ(ξ), with Fourier components φ m and χ m as above,
Define the linear operator A by
for 0 < ξ < 2π. Then A is Hermitean with respect to the natural scalar product, and A 2 = I, the identity operator. Note that A is a somewhat singular operator, unless ν is an integer, since the factor e i(νπ−ν ′ ξ) , extended by periodicity outside the interval [0, 2π] , is discontinuous at every integer multiple of 2π. Define another operator B such that Bγ = γ. It is also Hermitean, since it is diagonalized by the Fourier transformation, and its eigenvalues β m = g ′ m (1)/g m (1) are real. The two boundary conditions are simply γ = Aγ, Bγ = −ABγ, equivalent to two simultaneous eigenvalue equations,
These two equations are compatible, since the operators A and B + = (I + A)B(I + A) commute, and B + has a complete set of real eigenvalues, since it is Hermitean. If we select one eigenvalue of B + on the subspace where Aγ = γ, and set it equal to zero, this is one real equation for one real parameter µ. By equating different eigenvalues to zero we should obtain a complete set of solutions.
There is one minor problem with this argument in that B is undefined if an eigenvalue
There is of course a similar argument using B −1 instead of B, but in principle it might happen that B and B −1 are undefined simultaneously.
Numerical Solution
To find a numerical solution for the coefficients C m satisfying the boundary conditions in eq. (30), we must truncate to a finite number N of coefficients, and in order to use the fast Fourier transform, we choose N as a power of 2. Then we impose eq. (30) at the N discrete points
It is a remarkable feature of our method that for very small N , say N = 4, it can give many energy levels with good accuracy. This is so when the low Fourier components, i.e. with small m, dominate. On the other hand, the convergence as N → ∞ is sometimes very slow. This is clearly related to the fact that the wave functions for non-integer ν have non-integer power behaviour at ξ = 0, where two particles meet. Hence our approximations by finite Fourier series converge slowly. Note that eq. (30) at ξ = 0 gives that
assuming that the wave function is continuous. Thus γ(0) = 0, except in the boson case, and γ(0) = 0, except in the fermion case. For our numerical solutions these conditions at ξ = 0 are not imposed and will hold only in the asymptotic limit N → ∞.
To illustrate the convergence we have tabulated the approximate energy E N as a function of N , in three cases. Table 1 is for the state which becomes the bosonic ground state at ν = 0. It is exactly known and has energy E = 2 + 3ν and angular momentum ℓ = 3ν. Table 2 is for the state which becomes the fermionic ground state at ν = 1. It has angular momentum ℓ = −3 + 3ν and an energy depending on ν in an unknown way. Table 3 is for the state connected to the fermionic ground state by the supersymmetry transformation of Sen [22, 23] . It has angular momentum ℓ = −2 + 3ν. The energy eigenvalues in Tables 2 andTable 1 : The bosonic ground state energy 
